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Abstract 
Consider a simple matroid M(E) with rank r = 3. We prove that there is no partition 
E = E1uE2 such that, for every line i of M, at least one of the sets lnEl or lnEz is a singleton. 
A natural generalization of this result to higher ranks is considered. 
1991 Mathematics Subject ClassiJication: Primary 05B35. Secondary 52B30. 
1. Introduction 
Throughout this note M = M(E) denotes a simple matroid on the finite ground set 
E (i.e., if C is a circuit of M, then ICI 3 3). 
We denote by @’ = Y(M) the geometric lattice of the flats (closed subsets) of M. As 
standard sources for Matroids, Oriented Matroids and Hyperplane Arrangements we 
use [9-111, [l] and [6], respectively. 
Definition 1 (Terao [S]). A coloring (or c-coloring) of the matroid M(E) is a partition 
of the ground set E in c blocks: E = E~bJjEzu ... WE,. A coloring is called indepen- 
dent if all the subsets of E of type 
{Xi: Xi E Ei, i = 1,2, . . . , C} 
are independent sets of the matroid M. In particular, an independent coloring is called 
nice if: 
~ For every nonempty flat FE S\{@}, there is at least one index i, 1 d i d c such that 
FnEi is a singleton (called a color-singleton of F). 
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For every nonempty subset X c E, the partition 
X={~JEinX:EinX#~,i=1,2,...,C) 
is called the induced coloring on the matroid M(X). If X is a flat of M, it is clear that 
the induced coloring of an independent (nice) coloring is independent (nice). 
Example 1 (Terao [8]). We remember that a matroid M(E) of rank r is called 
supersolvable if it has a maximal chain 
Q)=X,,<Xr< ... <X,=E 
of modular flats. (A flat FEF is called modular if and only if 
rank&FnF’) + rankM(FuF’) = rankiu(F) + rank,@“) 
for every F’ E g. The concept of supersolvable matroids is due to Stanley [7].) Then it 
is easy to show that 
E = Xi~(X2\&)~ ... u(E\X-I) 
is a nice coloring of M. 
The notion of ‘nice coloring’ is particularly interesting if M = M(d) is the matroid 
determined by an arrangement ofn hyperplanes &’ in lRd [6,8]. More precisely if M is 
coordinatizable over R: i.e., M is the matroid of a set of n vectors in lRd [lo]. The 
concept of ‘nice coloring’ was introduced to characterize the factorization of the 
cohomology algebra of the complement manifold 
&c(&):= C=d\u{HO,: HE&}, 
viewed as a graded Z-module. (Indeed the Orlik-Solomon algebra of the matroid 
M(&), see [6, S] for details.) 
We call Poincari2 polynomial of the matroid M the polynomial in one variable 
Poinc(M, t) := c lp(8, F)I trankM(F), 
FE9- 
where p( ,) denotes the Miibius function [lo, Chs. 7 and 81 of the geometric lattice 
P(M). Note that 




X(M, r) = 1 p(@ F)trank~(E)-rank,(F) 
FE9 
is the well-studied characteristic polynomial [9-l l] of the matroid M. 
The following interesting theorem of Hiroaki Terao is a consequence of the 
factorization of the Orlik-Solomon algebra (viewed as a graded Z-module) of a nice 
colored matroid M. 
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Theorem 1 (Terao [8]). Let M(E) be a matroid of rank r. Suppose that there is a nice 
c-coloring E = Elu)Ez ... UE,. Then ,for every ,flat FE-~ 
rank,M(F) = /Ii: FnEi # 0) I. 
In particular, u’r have c = r. Moremer, the Poincars polJnomia1 of’ M jicctors com- 
plete/J, in Z[t]: 
Poinc(M. t) =(l + IEl(t).(l + IE2/t)... . ..(l + IE,I t). 
In this paper we consider the following new notion of coloring suggested by Michel 
Jambu [5] (see also [4]). 
Definition 2 (Good colorings). A good coloring of a matroid M(E) is a partition 
E = E,(;JE& ‘.. jr)E, on c color-blocks such that: 
~ The partition of E = EI~E~U ... ME . c IS an independent coloring. 
~ If the matroid M has rank two then the coloring is nice. 
~--- For every flat F E.~\{E, @}, the induced coloring on the matroid M(F) is a nice 
coloring. 
(From Theorem 1 we know that rankM(E) - 1 d c < rank,M(E).) 
Note that a good coloring is nice if and only if one of the color-blocks Ei, 
i = 1, 2, , c, is a color-singleton. 
Example 2. Consider the matroid M({ 1. 2, .,. , 7)) o f rank 3 whose set of not trivial 
lines is Y = (11 = (1, 2, 3}, 12 = 11. 5. 7}, l3 = {3,4, 5), l4 = 13, 6, 7}}. It is easy to 
check that M does not admit good colorings. 
Example 3. Consider the matroid M( { 1,2, .8}) of rank 3 whose set of not trivial 
lines is Y = {L1 = { 1,2, 3,4}, l2 = {l, 5, 6}, l3 = (2, 7, 8}, l4 = (3. 5, 81, IS = (3. 6, 71, 
lb = {4, 6, 8)). 
Then E = { 1, 5}@{2, 3,4, 8}u{6, 71 is a good coloring of this matroid. Its Poincarc 
polynomial is 
Poinc(M, t) = 1 + 8t + 20t2 + 13t3. 
The Poincark polynomial Poinc(M, t) does not factor completely in Z[t], and then 
M does not admit nice colorings from Theorem 1. 
Theorem 2 below was conjectured by Michel Jambu [S]. 
Theorem 2. Let M = M(E) be a matroid qf rank r. Then every good coloring of M bus 
exactly r colors. 
Theorem 2 is a well-known result in the case in which M(E) is an orientable mutroid 
of rank 3 (see [2, 31 or [l, Proposition 6.1.11). 
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Definition 3 (Line-colored subsets). Consider a matroid M(E) with a good coloring 
E = EiuE,u ... NE,. Let 1 be a not trivial line of M(E): i.e., a rank two flat such that 
111 3 3. We denote I, the color-singleton on the induced coloring of M(l). Consider 
a nonempty subset X G E. We say that X is a line-colored subset of M(E) if the 
following condition is verified. For every not trivial line 1 of M(E): 
- IlnX( 3 2 * 1,EX. 
The following facts are easily derived from the definitions: 
~ If F is a nonempty flat of the matroid M then it is also a line-colored subset of 
M(E). 
- If X, Y are line-colored subsets of M(E) and XnY # 8 then XnY is also 
a line-colored subset of M(E). 
- Let X c Y G E. Suppose that Y is a line-colored subset of M(E). Then X is 
a line-colored subset of the matroid M(Y) (with the induced coloring) if and only if 
it is a line-colored subset of M(E). 
From Theorem 2 we draw the following interesting conclusion. 
Corollary 1. Suppose that M(E) has a nice coloring. Let X be subset of E. The 
following are equivalent: 
- The induced coloring on the matroid M(X) is nice. 
- X is a line-colored subset of M(E). 
Remark 1. Consider the Poincare polynomial of the matroid M(E), 
Poinc(M, t) = 1 + wit + w2t2 + ... + wrf. 
Suppose that M(E) has the good coloring E = E1k$E2u ... WE,. From Theorem 1 it 
is easy to check that, for every i = 1,2, . . . , r - 1, the ith (unsigned) Whitney number 
of first kind of M, denoted by wi, is the number of independent subsets I E E, of 
cardinal i, such that 1 InEj I = 0 or 1 for every j = 1,2, . . , r. (If the coloring is nice 
then wr is also determined in a similar way.) It is well known that w* = 
C;:;(- l)i+112’, i + (- l)r+l. Then the Poincart polynomial of a good colorate 
matroid is determined by one of these good colorings. 
2. Proofs 
Proof of Corollary 1. If the induced coloring on M(X) is nice it is clear that X is 
a line-colored subset of M(E). We prove the other implication. We use induction on 
rank of M(E). If rank,(E) d 2, there is nothing to prove. Suppose Corollary 1 is true 
for all the matroids of rank <r. 
Consider a matroid M(E) of rank r. Let E = {u}~E,~ ... WE, be a nice coloring of 
M. Let X be a line-colored subset of M(E). Consider a nonempty flat F of M(X). Let 
F be the closure of F on M(E). Then F = FnX and we conclude that F is a line- 
colored subset of M(F). We conclude that the induced coloring on M(X) is good. 
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Suppose that X # E. From the induction hypothesis we conclude that the induced 
coloring on M(X) is nice. 
Suppose that X = E. From Theorem 2 we conclude that the induced good coloring 
of M(X) has r colors. Then the color-singleton {u} of M(E) is necessarily a color- 
singleton of M(X). 0 
Proof of Theorem 2. We use double induction on the rank of M and on the ground set 
IE(M)l. If rank,M(E) < 2 there is nothing to prove. Assume that Theorem 2 is true for 
all the matroids of rank cr. 
Consider a matroid M(E) of rank r 3 3. If IE(M)I = rank,,,(E) there is nothing to 
prove. Suppose that IE(M)I = n. Suppose Theorem 2 is true for all rank r matroids 
with <n elements. For a contradiction suppose that there is a good (r - 1)-coloring 
E = E,wE2M... HE,_, of M(E). (W e k nowthatIE,I32,i=1,2 ,.... r-l.from 
Theorem 1.) 
Lemma 1. rankM(Ei) = r, for every i = 1,2, . , r - 1. 
Proof of Lemma 1. For a contradiction, suppose that rankMu < r. Consider a hyper- 
plane H 1 Ei. Let 
H = E;(+J ... ~JE:_1~JEi~)EI+I~ ... ~JE:-, 
be the induced nice coloring on M(H). 
Consider an independent set 
X = l.~j’ES: j = 1, . . . ,i - 1, i + 1, , r - 11. 
Then X c H is a flat of rank r - 2 and H 2 X~E,. Let H’ 2 x be a hyperplane 
M different from H. Then it is clear that H’nH = 8, and H’nEi = 8. But in this case 
the induced nice coloring on M(H’) has r - 2 colors, a contradiction. Then Lemma 1 
is true. 0 
Let G = G(V, A) = G(M) be the following directed graph: 
~ Its vertex set I/ = V(G) is the ground set E. 
~ For every not trivial line 1 and element x E I’\, {r,}, x -+ 1, is a directed arc of the 
graph G. 
Lemma 2. The directed graph G(M) has no positive signed cocircuits. Or equioalently 
G is totally cyclic (i.e., all the signed circuits are positke and every arc is contained in 
a positice signed circuit). 
Proof of Lemma 2. For a contradiction, suppose that C* is a positive signed cocircuit 
of (the oriented matroid determined by) G. Then there is a partition 
E = V(G) = I/, w I/, such that, 
-~-- Every arc of G connecting Vi and I’, is an element of C*. 
~ If.u+yEC*thenxEV1 andyE7/2. 
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Note that V, is a line-colored subset of A4(E). 
Suppose that rankM(l/,) = r. Consider the induced coloring of M(I/,). Since 
( V2/ < n we conclude that this coloring has r colors, from the induction hypothesis 
and Corollary 1. As we have supposed that A4 has a good (r - 1)-coloring we obtain 
a contradiction. 
Suppose now that rankM(Vz) = r’ < r. Consider the closure Vz of V2 in M. From 
the induction hypothesis of Theorem 2 and Corollary 1 we know that both the two 
induced colorings on M(V,) and M(I/,) are nice r’-colorings. Let {x} be a color- 
singleton of M(V2). Then XE V, and { } x is also a color-singleton of M( V2). If x E EL 
pick an element yEEi\{x}. Note that YE V1\P2. Let 1 = {x, y}. It is clear that 
1, # x, y. Note that ln V, = {x}. Then I, E Vi and x --f 1, is a directed arc of the signed 
cocircuit C*, a contradiction. 
Then Lemma 2 is true. 0 
We are able to conclude the proof of Theorem 2. 
From Lemma 1 we know that rank,(Ei) = r 2 3. Let a, b, c be three elements of 
E, such that rankM({a, b, c}) = 3. Consider the three lines, 
1 = {a, b), I’ = {a, c>, 1” = {b, c}. 
Then there is a signed circuit C = C’UC- of the graph G such that 
C+ ={a+l,,b+l$,c+l:,} 
and 
C- = {u + I:,, b + l,, c -+ l;,,}, 
a contradiction with Lemma 2. Then Theorem 2 is true. 0 
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